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Abstract. We prove a volume inequality for 3-manifolds having C° metrics "bent" along 
a hypersurface, and satisfying certain curvature pinching conditions. The result makes 
use of Perelman's work on Ricci flow and geometrization of closed 3-manifolds. Corollaries 
include a new proof of a conjecture of Bonahon about volumes of convex cores of Kleinian 
groups, improved volume estimates for certain Haken hyperbolic 3-manifolds, and a lower 
bound on the minimal volume orientable hyperbolic 3-manifold. An appendix by Dunfield 
compares estimates of volumes of hyperbolic 3-manifolds drilled along a closed embedded 
geodesic with experimental data. 



1. Introduction 

In this paper, we prove a volume inequality for 3-manifolds having C° metrics "bent" 
along a surface satisfying certain curvature pinching conditions. The method is a direct 
generalization of work of Bray and Miao on the Penrose conjecture. We also make use 
of Perelman's results on geometrization [HSE]- Perelman's montonicity formula for the 
Ricci flow with surgery (discovered by Hamilton in the case of standard Ricci flow) implies 
that if (M, g) is a hyperbolic 3-manifold, and (M, h) is a Riemannian metric such that the 
scalar curvature R(h) > —6 = R{g), then Vol(M, h) > Vol(M, g). More generally, if M is 
not hyperbolic, then Vo\(M,h) > V^\\M\\, where I4||M|| denotes the simplicial volume of 
M (V3 is the volume of a regular ideal tetrahedron in H 3 , and ||M|| is the Gromov norm 
of the fundamental class of the 3-manifold M). This sort of pinching condition is much 
weaker than pinching conditions using Ricci curvature coming from the work of Besson, 
Courtois, and Gallot, which implies a similar volume estimate if Ric(h) > —2h. 

Theorem 17.11 is the main result of this paper, which states that if (M, g) is a compact 
hyperbolic 3-manifold with minimal surface boundary, then Vol(M, g) > ^Vs\\DM\\, where 
DM denotes the double of M along its boundary. There are some interesting consequences 
of this result. First, it implies a strong form of a conjecture of Bonahon, which states that 
the volume of a hyperbolic 3-manifold M with convex boundary is > | V3II -DM ||, with 
equality only in the case that M has geodesic boundary. This was proven by the second 
author in jlU] , using the methods of Besson, Courtois, and Gallot |B] . Since one may find 
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a minimal surface representing the (maximally compressed) boundary of M, Bonahon's 
conjecture follows immediately from theorem 17.11 fsee theorem 18. 2j) . 

Theorem 17.11 also implies that if M is a compact hyperbolic Haken 3-manifold (without 
boundary), and S C M is an incompressible surface, then Vol(M) > |T^||D(M — A/"(E))|| 
(where A/"(S) denotes a regular neighborhood of £). This follows immediately from theorem 
I7.1l bv noticing that E is isotopic to a minimal surface in M. We also generalize this result 
to the finite volume case in theorem 19.11 One illuminating special case is to consider a 
compact hyperbolic 3-manifold M with geodesic boundary. If one doubles M, there is a 
natural hyperbolic structure on DM induced from M. If one takes two copies of M, and 
glues the two copies of DM by a diffeomorphism if) which is not isotopic to an isometry 
of dM, then by Thurston's hyperbolization theorem MU^,M has a canonical hyperbolic 
metric. Theorem 17. II implies that Vol(M U.^ M) > Vo\(DM). One may compare this to 
gluing manifolds along tori, in which case the simplicial volume is additive jH]. 

Another application of our volume inequality given in section El is to show that the 
minimal volume closed orientable hyperbolic 3-manifold has volume > .67 (due to Agol 
and Dunfield). This improves on the previous best lower bound of .33, due to Przeworski 
|3*3*] . It is conjectured that the Weeks manifold, with volume .9427... is the minimal volume 
orientable hyperbolic 3-manifold. If M is a closed hyperbolic 3-manifold with a closed 
embedded geodesic 7 with tube radius R, then we estimate the hyperbolic volume of 
M — 7 in terms of Vol(M) and R. This improves on the main result of [2] . In the appendix, 
Dunfield compares these estimates with experimental data via Goodman's program tube 

In section 2, we state definitions and the main theorem, as well as some immediate 
corollaries. In section 3, we state Perelman's monotonicity results. Sections 4-7 prove the 
main theorem, and sections 8 and 9 extend this to the non-compact case. Section 10 proves 
the results on minimal volume orientable hyperbolic 3-manifolds, and section 11 discusses 
universal manifold pairings. Section 12 gives some open questions stemming from this 
work. 

Acknowledgements: We thank Pengzi Miao, Andres Neves, and Rick Schoen for help- 
ful correspondence. 

2. Definitions and statement of the main theorem 

Usually, we will be assuming that manifolds are orientable in this paper (most results 
for the non-orientable case follow by passing to the 2-fold orientable cover). A properly 
embedded incompressible surface S in M 3 is a surface for which the fundamental group 
injects (excluding S 2 and MP 2 ). A manifold is irreducible if every embedded S 2 bounds 
a ball. An irreducible manifold with an incompressible surface is called Haken. If a Rie- 
mannian manifold has boundary, then it is hyperbolic with totally geodesic boundary if 
the metric is locally modelled on a closed half-space in H 3 bounded by a geodesic plane. 
If (M 3 ,g) is a Riemannian manifold, and £ 2 C M is an embedded surface, then M\\E 
denotes the Riemannian manifold with boundary obtained by taking the path metric com- 
pletion of M — S. M\\S will have new boundary corresponding to the unit normal bundle 
ofScM. 

The following theorem is a special case of theorem 17. II 
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Theorem If (M, g) is a compact hyperbolic 3-manifold with minimal surface boundary, 
thenVol(M,g)>lV 3 \\DM\\. 

In particular, if M is acylindrical, then M admits a hyperbolic metric v with totally 
geodesic boundary, and Vol(M) > Vol(M, v). We conjecture that in theorem 17. l\ we do 
not need to assume that the boundary is compact. 

Let Vg = 3.66... denote the volume of a regular ideal octahedron in H 3 . Miyamoto showed 
that if M is hyperbolic with totally geodesic boundary, then Vol(M) > — Vgx{M), with 
equality holding only for manifolds composed of regular ideal octahedra, glued together in 
the pattern of an ideal triangulation [2E] • 

Definition 2.1. If M is a manifold with boundary whose interior admits a hyperbolic 
structure, guts(M) = N C M is a submanifold such that dN = 8qN U <9iiV, where 
diN is a subsurface, 8qN = N C\ dM, d\N consists of annuli or tori such that dd\N = 
d\N fl dM. Moreover, (N, diN) is the maximal pared acylindrical submanifold such that 
no components of N are solid tori. One may also characterize guts(M) by N — diN admits 
a complete hyperbolic metric with totally geodesic boundary, and D(M — N) admits a 
graph manifold structure [23 E3 122] • 

The following result was conjectured in pQ. 

Corollary 2.2. Let M be a closed hyperbolic 3-manifold, and £ C M be an incompressible 
surface. ThenVol(M) > |y 3 ||D(M\\S)|| > -V 8 x{guts{M\\E)) . 

In particular, if (M,g) is a Haken hyperbolic 3-manifold such that Vol(M, g) < V§, 
then for any incompressible surface £ C M, guts(M\\E) = 0, which means that E is 
a so-called fibroid (this improves greatly on the estimates of |1U| I18j). The ramifications 
of this corollary will be pursued in subsequent papers. We record for now the following 
improvement on a theorem of Lackenby. If D is the projection of a link L C S* 3 , then 
the crossings of D are divided into twist equivalence classes, where two crossings are twist 
equivalent if there is a loop in the projection plane intersecting D transversely precisely in 
the two crossings. The number of twist classes of crossings t(D) is called the twist number 
of D. One assumes that the diagram D has no crossings separating D. 

Theorem 2.3. Let L C S 3 be a hyperbolic alternating link with alternating projection D. 
Then 

V 8 (t(D)/2 - 1) < Vol(S 3 - L) < WV 3 (t(D) - 1). 

The lower inequality is an equality for the Borromean rings, and follows directly from 
theorem 5 of [22] in conjunction with corollary 12.21 The upper inequality is given in the 
appendix to |2*5] . 

3. MONOTONICITY FORMULAE FOR THE RlCCI FLOW 

If {M,g) is a closed Riemannian manifold, let X(g) denote the minimal eigenvalue of the 
operator — 4A g + R(g), and define the scale invariant quantity 

V x (g) = Vo\(M,g) ( -Jmin{A(y), 0} 
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(which is equivalent to taking the volume of the metric rescaled so that X(g) = —6 when 
X(g) < 0). Recall that V3II Af || is the sum of the volumes of the hyperbolic pieces of the 
geometric decomposition of M |JT]. If Rmin(g) > (where R m in(g) is the minimum of 
R(g)), then ||M|| = [Ml- Also, define 



We have the inequality X(g) > R m in(g), as can be seen by neglecting the — A g term in the 
Rayleigh quotient, and thus Vji(g) > V\(g). Perelman showed that Vn(g) and V\(g) are 
monotonic decreasing for metrics evolving by the Ricci flow with surgery (monotonicity 
of Vn{g) for Ricci flow was shown by Hamilton |17j). Then Perelman's analysis of the 
geometric decomposition forming at 00 time under Ricci flow with surgery implies the 
following theorem (a restatement of theorem 8.2 |32j). 

Theorem 3.1. Let (M,g) be a closed 3-manifold. Then 



It is much simpler to prove that Vji(g) is monotonic decreasing with respect to Ricci flow 
with surgery, than to prove the monotonicity of V\(g). Specifically, the above monotonicity 
formula for V\(g) through surgeries has not been discussed in the notes whereas the 
monotonicity of Vn(g) through surgery is obvious from Perelman's formulation of surgery, 
since the surgery decreases volume, and does not change mm{R min (g), 0}, since the surg- 
eries occur at a part of the manifold where R(g) ^> 0. Thus, in the proof of theorem 17. 11 
we give two different arguments, one estimating X(g), and the other performing a confor- 
mal change to estimate R m in{g)- Although the authors of this paper have not checked 
the validity of Perelman's papers, there are references available which work out many of 
the details of Perelman's arguments (and fix some errors, see the website maintained by 
Kleiner ). Also, a key aspect of Perelman's geometrization proof is a collapsing theorem 
which he has not made available. Since this is a key to the above theorem 13.11 we note 
that Shioya and Yamaguchi have a paper [37] which claims to give an alternative proof of 
the collapsing results needed by Perelman. 



This section produces smooth Riemannian approximations to a particular kind of singu- 
lar Riemannian metric while maintaining a lower bound on the scalar curvature. The main 
result is proposition 14.21 In a different setting, this smoothing procedure was developed as 
a tool to solve the Riemannian Penrose conjecture in general relativity (see Bray [7] and 
Miao p7j). The techniques of this section are adaptations of their methods to the present 
situation. 

Let M + and M_ be smooth Riemannian 3-manifolds with compact boundary, equipped 
with a diffeomorphism $ : dM + — > dM_. Fix a smooth Riemannian metric g± on M±. 
For a point x G dM± let H(dM±, g±)(x) denote the mean curvature of dM± with respect 
to an outward pointing normal vector field. Let us assume that 



V R (g) = Vo\(M,g) --mm{R min (g),0} 




V R (g)>V x (g)>V 3 \\M\\. 



4. Smoothing with a lower scalar curvature bound 



(1) 



§*g-\dM. 



g+\dM+ 



and H(dM + ,g + )(x) + H(dM-,gJ)(^(x)) > 
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for all x G dM + (that is, the boundaries are identified by an isometry, and the mean 
curvatures pointwise sum to > 0). Two relevant examples are: M± are two copies of a 
hyperbolic 3-manifold with minimal surface boundary, or a finite volume hyperbolic 3- 
manifold truncated along a tube about a geodesic together with a horospherical cusp of 
appropriate shape. 

Glue M + to M_ along their boundary via the map $ to form 



The manifold M is smooth. The metric tensors g + and g_ agree along the boundary 
and glue together to form a piecewise smooth continuous Riemannian metric on M. In 
particular, g is a Lipschitz Riemannian metric (this means that in the C°° structure on 
M, in any chart the metric g will a Lipschitz function on IR 3 ). We will use E C M to 
denote the submanifold formed by the boundary of M + and M_. Fix a collared tubular 
neighborhood E x (-8 , 5 ) <^> M taking E x {0} to E C M. 
Under these hypotheses, Miao has proven 

Proposition 4.1. [23 proposition 3.1] Suppose that (M,g) is defined by equation® sat- 
isfying the conditions of equation There exists a family of smooth Riemannian metrics 
{gs}o<6<6 on M so that gs converges uniformly to g as 5 — ► 0, the metrics g$ and g agree 
outside E x (—5/2,6/2), and the scalar curvature R(gs) is bounded below by a constant S 
independent of 5. 

Remark: Miao performs the smoothing via a mollification method. In the main case 
of interest in this paper which have an extra symmetry, one may use the more elementary 
method of Bray [7j. 

Stated more geometrically, the fact that the metrics gs converge uniformly to g implies 
that the Lipschitz constant of the identity map (M, gs) — > (M, g) converges to one. In 
particular, the volume of (M,gs) converges to the volume of (M,g). 
The goal of this section is to prove 

Proposition 4.2. Assume that R(g±) > —6. Then there exists a family of smooth Rie- 
mannian metrics Gs on M such that the metrics Gs converge uniformly to g and have 
scalar curvature R(Gs) bounded below by —6. 

The metrics Gs will be obtained by conformally altering the smooth metrics g§ produced 
in proposition 14.11 The method is an adaptation of techiques of Bray [7] and Miao [2Zj 
dealing with the case of open asymptotically flat manifolds of nonnegative scalar curvature. 

Before beginning the proof, we note that if for all sufficiently small 5, R(gs) > —6, then 
we are done. So we can assume without a loss of generality that R(gs) > S, such that 
S < —6, where S is independent of S by proposition 14.11 

Define a smooth function TZs : M — > [S,0] such that TZs restricted to E x (—5/2,5/2) 
is exactly S, and TZs vanishes outside E x (—5, 5). Note that the ^-volume of the support 
of TZs converges to zero. 

Define the operator — 8A5 + TZs, where As is the Laplacian for the metric gs- This 
Schrodinger operator has a minimal eigenvalue with a nonnegative smooth eigenfunction 



(2) 
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us. Let us normalize the eigenfunction so that 

u 2 s dg 5 = Vo\(M,g 5 ). 



' M 

If Xs were nonnegative then the eigenfunction would satisfy 

— SAus = Xsus — IZsus > 0, 

making u$ a superharmonic function. Since M is compact and IZs is not a constant function, 
this is impossible. Therefore Xs < 0. Take the equation 

— 8Au<5 + IZsus = Xsus, 

multiply it by us, integrate over M, and perform integration by parts to obtain 



(3) / (8\Vu 5 \ 2 + nsuj)dgs = XsVo\(M,gs)<0. 

Jm 

This yields the estimate 

f \Vus\ 2 dg s <\ [ \ns\u 2 5 dg s <^Vo\(M,gs). 
Jm ° Jm ° 

The following lemma is based on the method of proposition 4.1 [77] . 
Lemma 4.3. f M TZsujdgs — > 0. 

Proof. Note that \7Zs\ is uniformly bounded by \S\. Apply Holder's inequality to obtain 

/ \n s \ujdgs< ( [ W 2 dg s \' ■([ uUgs) / < \S\(Vo\(supp(n s ), gs)) 2/3 \\u s \\l. 
Jm \Jm J \J m J 

If we can show that \u$\§ is uniformly bounded, then the term to the right — > 0, since the 
volume of the support of IZs goes to zero. We now apply the Sobolev inequality (see e.g.fU 
Thm. 2.21]) to obtain 

\\ush < C(\\Vush + IWsh) < CVol(M,gs)H(\S\/8)^ + 1) 

Note that the uniform convergence of the metrics gs to g implies we can use a single 
Sobolev constant C for all the metrics gs- Therefore the number on the right hand side 
of the Sobolev inequality is uniformly bounded for all 5, which completes the proof that 
|| Will 6 is bounded. □ 

This lemma has two corollaries. 

Corollary 4.4. 

/ \Vus\ 2 dgs — >0 and Xs — > 0. 
Jm 

Proof. Since IVu^ 2 > 0, the corollary follows from the lemma and equation El □ 
Define the average 

1 f 
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(u s - us) dg s — ► 0, us — > 1. 
Proof. The Poincare inequality for (M, p^) yields 



/ (us - u s ) 2 dgs < C \Vus\ 2 dg 5 . 
Jm Jm 



The metrics gs converge uniformly to g, implying we may use a uniform constant C in the 
Poincare inequality for all 5. From this the first limit of the corollary follows. 
A short computation yields 

(u s - us) 2 dg s = Vol(M, g s ) - Vo\(M, g s ) ■ u 2 . 

M 

The second limit of the corollary follows from this and the previous paragraph. □ 
Define 

w s := u s - us- 

From the fact that us is an eigenfunction we obtain the following equation for ws- 
(4) -8A s w 5 + (Us - Xs)w s = (X s - n s )u S - 

By the Sobolev inequality 

\\w s \U < C(\\Vu s \\ 2 + \\wsh) 
can be applied with a uniform constant C for all the metrics gs- By the above corollaries, 
the right hand side — > 0, so 

\\ws\U — > °- 

Using equation HI it follows from the theory of elliptic partial differential equations [TBI 
Thm. 8.17] that 

sup \w s \ < C 2 1 (^J w e s dgs^j + (^J u%\\ 5 - K s \ 3 dg s ^j J — > 0. 

It is again worth noting that a single constant C 2 is valid for all the metrics gs because they 
converge uniformly to g. (Written in divergence form, the derivatives of the metric tensor 
do not appear in the coefficients of the local expression of the second order elliptic PDE 
satisfied by w$- So nothing is blowing up as 5 — 0.) We have shown that us —>■ us — ► 1 
uniformly. 

We may now define a new family of metrics gs on M by the conformal change 

95 ■= uj ■ gs- 

It is known that under such a conformal change, the scalar curvature of the new metric is 
given by the formula 

R(gs) =uJ 5 (-8A 8 + R(gs))u 5 
Since Us is an eigenfunction we have the equation 

(-8A 5 + R(g 5 ))u 5 = (Xs - fcs)us + R(gs)us 
= (R(gs) - T^s)us + X s u s - 
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By the construction of the function TZ$ it follows that R(gs) — TZs is everywhere bounded 
below by -6. Since \$ — > and u$ — > 1 uniformly, we may conclude that the scalar curvature 
of the metric gs is bounded below by a constant converging to — 6 as 5 — > 0. 

Finally let us homothetically expand each metric g$ by a factor 1 + T](5), for rj(5) — > 0, 
so that the resulting homothetically expanded Riemannian metrics have scalar curvature 
bounded below by —6. Let us call this final family of metrics G$. Notice that the metrics 
Gs are converging uniformly to g. In particular, the volumes Vol(M, Gs) converge to the 
original Vol(M, g) = Vol(M + , g + ) +Vol(M_, #_). This finishes the proof of proposition 14.21 

5. Bounding X(g s ) 

This section gives an alternative to the argument in section by showing that we may 
approximate (M, g) (constructed at the beginning of section^ by metrics with X(gs) > —6 
rather than R(G$) > —6. As mentioned in sectional we are including these two alternatives 
since the monotonicity of Vn(g) under Ricci flow with surgery is much simpler to prove 
than the monotonicity of V\(g). 

Let (M, g) be the metric constructed from equation |2] and satisfying equation Q from 
section 4. Let gs be the smooth metrics approximating the metric (M, g) from proposition 
EJ such that in S x [-5, 5], R(g s ) = R S >S, and in M - (S x [-5, 5}), R 5 > -6, where 
S comes from proposition 14.11 Let X(g) denote the minimal eigenvalue of the operator 
-4A g + R(g). 

Theorem 5.1. liminfA(g^) > —6. 

Proof. If S > —6, then the result follows directly from the fact that X(gs) > inf R$, so 
we may assume that S < —6. Let u§ be the eigenfunction of —AA gs + R$ with minimal 
eigenvalue A(^) < 0, such that Ug is strictly positive, and ||w,y||2 = 1- We can use the 
Rayleigh quotient method to estimate X(g$) from below. We may estimate 

H9s) = / |V 5 u 5 | 2 + R&u 2 s dg 8 > / R s u 2 s dg s + / R&u]dg s 

JM J M-(Ex[-6,5]) Jzx{-S,8] 

> — 6 / ujdg s + S / ujdgs > -6 + (S + 6) / ujdgs 

J Af-(£x[-5,<S]) JEx[-<5,<5] JEx[-<5,<5] 

Thus, we need only show that J Ex [_ 55 ] ujdgs — > as 8 — > 0. Applying Holder's inequality, 
we see that 

2 1 

3 / f \ 3 



ujdg 5 <[ dgs) / = Vol(£ x [-5, 8], gs)* \\u s \\l 

'Ex[-5,5] \7ex[-<5,<5] / V^Ex[-5,5] / 

The right hand term converges to 0, since Vol(S x [—5,d),gs) — > as 5 — > 0, and || ■zx^ || 6 
is bounded by the following. Since the metrics gs approximate g in C° norm, there is a 
uniform Sobolev constant C (see the justification in lemma l4~??|) such that 



\us\\e < C(\\Vsu s \\2 + IMI2) < C ((X(gs) -S)* + l)< C{(-S)* + 1). 



□ 



Rescaling the metrics gs by factors converging to 1, we may approximate (M,g) by 
metrics g' s such that A(^) > —6. 
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6. RlCCI FLOW WITH C° INPUT 

Let (M, g) be the smooth closed 3-manifold equipped with the Lipschitz Riemannian 
metric g from the beginning of section |3J Let {g$}s>o be a family of smooth Riemannian 
metrics on M converging uniformly to g. We do not yet place any other geometric assump- 
tions on the approximates g$. The goal of this section is to establish facts about flowing 
the singular metric g in the direction of its Ricci curvature. 

The analytic tools of this section were proven by M. Simon [3H], where the dual Ricci 
harmonic map heat flow is studied with nonsmooth initial data. To apply Simon's machin- 
ery it is necessary to fix a "background metric". Concretely this means fixing a smooth 
Riemannian metric h on M so that the identity map (M, h) — > (M, g) is il~-bilipschitz, 
where K > 1 is a fixed constant depending only on the dimension. For our purposes, it 
would suffice to pick a metric g$ for sufficiently small 5. Let us choose such a metric and 
call it h. The following theorem follows from statements in section 5 of [5%] . 

Theorem 6.1. There exists a constant T > depending only on the background metric h, 
a sequence Sj — *> 0, and a sequence of families of smooth metrics g(5j,t),0 <t< T,j G N 
such that: 

(1) The metric g(0, 0) = g and g(Sj, 0) = g§.. 

(2) The family {g(5j, £)}o<t<T is conjugate via diffeomorphisms of M to a solution to 
the Ricci flow equation with initial metric g(5j,0). Similarly, for any t > the family 
{g{0,t)}t < t < T is conjugate via diffeomorphisms of M to a solution to the Ricci flow equa- 
tion with initial metric g(0,t ). 

(3) g(0,t) converges uniformly to #(0,0) — g ast^O. 

(4) g{& converges in the C°° sense to g(Sj,0) ast^O. 

(5) For t > 0, g(5j,t) converges in the C°° sense to g(0,t) as j — > oo. 

Proof. Properties (1), (2), and (3) above are stated in the proof of theorem 5.2 of |3*5] . 
Property (4) is a restatement of lemma 5.1 of jHHl- Also in theorem 5.2 of [HE], it is proven 
that there exists constants {cj} depending on h such that 

su P |vy^,t)| 2 <a/t\ 

M 

where V* denotes the i th covariant derivative with respect to the background metric h. (By 
fixing a finite set of coordinate charts covering M, and choosing a precompact domain in 
each chart whose union still covers M, we can replace V* with honest spatial derivatives 
in each coordinate chart. This will change the constants q depending on how we choose 
our cover. This is possible because on each precompact domain the identity map from 
the metric h to the Euclidean metric will be bilipschitz.) Notice the constants of this 
inequality do not depend on 5j. For any to > this independence yields uniform control on 
the spatial derivatives of the metrics g(Sj,t) for all j and t >t . We may therefore apply 
the Arzela-Ascoli theorem repeatedly to deduce property (5) above. (This is in fact how 
Simon produces the family g(0, t). See the first paragraph of the proof of theorem 5.2.) □ 

Recall that for a smooth Riemannian metric h, X(h) denotes the minimal eigenvalue of 
the operator — 4A^ + R{h). 
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Corollary 6.2. If for some 56M and all j e N the metric gs j has scalar curvature bounded 
below by S, then for allt > the Riemannian metric g(0,t) has eigenvalue X(g(0,t)) > S. 

Proof. Perelman has shown that the eigenvalue A is nondecreasing along the Ricci flow 
(see Cor. 1.2 and section 2.2 of 32 j). Therefore by properties (2) and (5) of theorem 16.11 
together with continuity of A in the C°° topology on metrics, we can deduce the statement 
of the corollary. □ 

Corollary 6.3. If for all j G N the metrics gs have scalar curvature bounded below by —6, 
then for allt > the Riemannian metric g(0, t) has scalar curvature bounded below by —6. 

Proof. The minimum scalar curvature is nondecreasing along the Ricci flow. Therefore the 
corollary follows from theorem 16.11 □ 

Remark: Theorem 6.6 of |38j shows that a manifold with a Lipschitz metric and Alexan- 
dres positive curvature which is bounded above and below may be approximated by smooth 
manifolds with positive curvature. Simon mentions at the end of theorem 6.6 that one may 
prove a similar statement for positive scalar curvature. But his theorem is weaker than 
corollary 16.31 since we do not assume that the metric may be approximated by smooth 
metrics with uniformly bounded curvature. The advantage of dealing with scalar curva- 
ture (or A) is that it is monotonic under the Ricci flow, whereas almost positive curvature 
is not, which accounts for our weaker hypotheses. 

7. Main inequality 

Before we state the next theorem, recall that —6 is the scalar curvature of a 3-manifold 
with constant sectional curvature —1. 

Theorem 7.1. Let (X,g) be a compact 3-manifold with a smooth Riemannian metric g 
such that the scalar curvature of g is at least —6 at every point, and the boundary of X is 
a minimal surface. Then 

Vol(X,g)>^V 3 \\DX\\. 

Equality holds if and only if X has constant sectional curvature —1 and the boundary of X 
is totally geodesic. 

Proof. We present two slightly different proofs, one using scalar curvature and the other 
using the eigenvalue X(h) of the operator — AAh + R(h). Let us discuss the scalar curvature 
proof first. 

Metrically double the manifold (X, g) across its boundary to form the closed manifold 
M = DX equipped with the piecewise smooth Lipschitz continuous metric formed by two 
copies of g (see equation |21 of section HJ) Abusing notation slightly, let us denote this 
Lipschitz Riemannian manifold by (M,g). 

By proposition 14.21 there is a family of smooth metrics {gs} on M converging uniformly 
to g with scalar curvature bounded below by —6. Now let g(t) be the family of metrics 
produced by theorem 16.11 satisfying the properties: as t — > the metrics g(t) converge 
uniformly to g, and for any t > the family {gt}t <t<T is diffeomorphism-conjugate 
to a solution to the Ricci flow with initial metric gt . By corollary 16.31 for any t > 0, 
Rminidt) > — 6. We may assume R m i n (gt) < for all t, otherwise we are done. By 
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theorem 13 .1| Vn(gt) > V3 1| A^"|| . Taking the initial time to down to 0, and using the fact 
that lim inf Vn(g t ) < Vol(M,g) bv 16.31 yields the desired inequality 

Vol{X,g) = ±Vol{M,g)>V 3 \\M\\. 

In this argument, we may replace Vu(g t ) with V\(g t ), and use 16.21 instead. 

Let us now assume that Vol(X, g) = |V3||M||. Then it follows that the quantity Vr(^) is 
constant for all time. This can only occur if all the metrics {(M, gt)}t>o have constant Ricci 
curvature [El Sec. 2] (one may also use V\(g t ) is constant, and use [H21 Sec. 2. 3] and [21 
Sec. 8]) . In 3 dimensions constant Ricci curvature implies constant sectional curvature. By 
the uniform continuity of the metrics back to time zero, this implies that (M, g) is isometric 
to a smooth Riemannian manifold of constant sectional curvature —1. The gluing between 
the two copies of (X, g) produces a smooth Riemannian metric along the boundary only if 
the boundary of (X, g) is totally geodesic. This completes the proof of the theorem. □ 

8. Hyperbolic convex cores 

In this section we will use theorem 17.11 to study convex cores of hyperbolic 3-manifolds. 
More specifically we can quickly prove a conjecture of Bonahon stating that the volume of 
a compact hyperbolic 3-manifold M with non-empty convex boundary is at least half the 
simplicial volume of the doubled manifold DM. In the incompressible boundary setting 
this was proved in [30]. We will also prove the relative version of the inequality for cusped 
hyperbolic 3-manifolds. 

If N is a complete (infinite volume) hyperbolic 3-manifold without boundary, then the 
convex core Cn C N is defined to be the minimal closed convex submanifold of N for which 
inclusion is a homotopy equivalence. The volume of the convex core Cn is a measure of the 
geometric complexity of N. When it has infinite volume then N is said to be geometrically 
infinite. Otherwise N is geometrically finite. This is the case of interest here. 

We need some standard geometric properties of the convex core which can be found 
in [TT] . The distance function to the convex core defines a distance decreasing flow J-"n 
on the complement of the convex core which simply flows each point to the nearest point 
in the convex core. (In general this flow is only once differentiable, but this will suffice 
here.) The boundary of the convex core is not in general smooth, but it is always totally 
geodesic outside some compact set. The relationship between the topology of N and Cn is 
straightforward: if N is geometrically finite then it is homeomorphic to the interior of Cat. 

To begin we will prove the desired volume inequality in the compact setting. 

Theorem 8.1. Let N be a complete hyperbolic 3-manifold without boundary. Assume the 
convex core Cn of N is compact. It then satisfies the volume inequality 

Vol(C N ) > ±V 3 \\DC N \\. 

Moreover, if 2VoI(Cn) = V3 ||-DCat|| then Cn is a compact manifold with totally geodesic 
boundary. 

Proof. Consider the (possibly disconnected) compact embedded surface given by the bound- 
ary of the convex core. By Dehn's lemma we can compress a finite number of homotopically 



12 



IAN AGOL, PETE STORM, AND BILL THURSTON 



trivial curves in 8Cn to obtain a 7Ti-injective embedded surface 5" bounding a submanifold 
X' . Throw away components C of X' such that ||-DC|| = (i.e. DC is a graph manifold) 
to get a submanifold X" with boundary S". It follows that ||DJf"|| = ||Z?Cjv||, by jHJ 
Ch.6],[39j. Using the distance decreasing flow F N to push wayward surfaces back into the 
convex core, one can produce an embedded minimal surface S C Cn isotopic to S" [T2*l l2*0]. 
S bounds a (possibly disconnected) 3-manifold X C Cjy homeomorphic to X" . We can 
apply theorem 17. II to X to obtain 

Vol(X) >^V 3 \\DX\\. 

If X is not a proper submanifold of Cn then <9Cat must be a minimal surface to begin with. 
This is possible only if 8Cn is totally geodesic. Therefore if Cat is not totally geodesic then 
X is a proper submanifold of the convex core, yielding the inequality 

Vol(CV) > Vol(X) > - V 3 \\DC N \\. 

□ 

Proving the same inequality in the presence of cusps presents only technical difficulties. 
The first is determining the proper statement of the theorem. This we will attempt without 
introducing the language of pared 3-manifolds. (For a more detailed discussion of the 
cusped case see 00] •) Let N be a complete geometrically finite hyperbolic 3-manifold 
without boundary. Let Cn be its convex core. Assume that Cn is not compact. Then 
DCn is topologically a 3-manifold with ends homeomorphic to a torus cross a ray. (See [2H| 
for a precise description of the ends of Cn-) Cut off the ends at an embedded vrx-injective 
torus to form a compact 3-manifold with torus boundary. Let us denote this compact 
manifold by DCn- The Gromov norm rel boundary of a compact 3-manifold with toroidal 
boundary is well defined |JH Ch.6]. Abusing notation slightly, let us denote this relative 
Gromov norm also by ||£)Cjv||. (We will have no need of the non- relative Gromov norm 
for manifolds with boundary. As one expects, ||IX7jy|| equals half the Gromov norm of 
the closed manifold obtained by doubling DCn along its boundary [HI Ch.6], [39 J.) Using 
the product structure on N — Cn [II] and the precise manner which Cn exits the cusps 
of N |29j . it can be shown that ||£)Cjv'|| is an invariant of the relative homotopy type of 
(N, cusps of N). (This follows from 23 . See gDJ.) 

Theorem 8.2. Let N be a complete geometrically finite hyperbolic 3-manifold without 
boundary. Assume that the convex core Cn is not compact. Let DCn be the truncated 
double o/Cjv- Then 

Vol{C N )> l -Vz\\DC N \\. 

Moreover, if 2VoI(Cn) = V3 ||DCjv|| then Cn has totally geodesic boundary. 

Note that if N is geometrically infinite then by definition VoI(Cat) = 00, so this is not a 
restrictive hypothesis. 

Proof. Let us assume that the boundary of Cn is not totally geodesic. We will now describe 
a process for producing minimal surfaces in noncompact convex cores. A similar procedure 
is described in [IHJ Thm.4.4]. 
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Take an exhausting sequence of submanifolds {N} of N each of whose boundary is a 
collection of horospherical annuli, so that the boundary of N i+ i is distance at least D i+ i 
from the boundary of N+, where {D{\ is a sequence we specify next. 

By picking Di sufficiently large, the Riemannian metric on each iV, can be altered near 
its boundary to produce a manifold N- with the following properties: 

1. The metric is unchanged on iVj_i C 

2. A collar of the boundary of N- has a flat (i.e. zero curvature) product metric with 
totally geodesic annular boundary. 

3. The sectional curvature of is between —1 — E{ and zero, where e, — > 0. 

4. The volume of (iV- n C N ) - (N^ H C N ) goes to zero. 

5. The submanifold N- — Ni_i has symmetry group given by isometries of the boundary 
annulus dNi-x- 

For the construction of such a metric see (In proposition 2.3 of and in [5j an 

analogous construction is done in the finite volume setting. Here, the geometry of the cusp 
is unchanged, and the topology is simpler.) 

By Dehn's lemma we can compress a finite number of homotopically trivial curves in 
dCjy to obtain a 7T!-injective embedded surface S" C Cn- Throw away components of S" 
bounding /-bundle regions to get a surface 5". Double each manifold N- along its boundary 
to produce a smooth Riemannian manifold Z^. The surface 5" C Cn doubles in Z{ to a 
closed surface E^ C Zj. There is a compact convex submanifold Cz i in each Zi consisting 
of the points originally coming from the two copies of the convex core of N (the convexity 
follows from the convexity of Cn and the symmetry assumption 5). In each Z^ there is 
a distance non- increasing flow Tz t defined on the complement of Cz t , which is the flow 
defined by the gradient of the distance function to Cz v Using the distance non-increasing 
flow J-'zi to push wayward surfaces back into Cz i (actually, just notice that the projection to 
Cz t is an area decreasing map), one can produce an embedded minimal surface Ej C Cz t 
isotopic to E^ |T21 I2H1 (the surfaces cannot degenerate to an immersion, since we have 
thrown away all components of S" bounding /-bundles). Consider the intersection Si of 
the surface Ej with the hyperbolic submanifold A^_i of N[. Si is a stable minimal surface 
rel boundary inside A^_i. Therefore its curvature is less than or equal to —1 at interior 
points. 

Consider now the sequence of surfaces Sj C Ni for j > i. By the Gauss-Bonnet theorem 
these surfaces have uniformly bounded area. Also, the fact that they are stable minimal 
surfaces implies that for each i their principal curvatures are uniformly bounded in Ni . 
They therefore form a precompact family. Take i to infinity and use a diagonalization 
argument to obtain a limit S C CV which is also a smooth minimal immersion (201 m t° 
the originial manifold N. Since the original surface 5" was embedded, it follows that the 
limit surface S is also embedded |T2"] . 

S is isotopic to S' (this is not hard to show, given the controlled geometry of S), so 
S bounds a hyperbolic 3-manifold X G Cn- Recall we assumed that 8Cn is not totally 
geodesic. It follows that S is not equal to 8Cn, so VoI(Cat) > Vol(X). Let Xi C Cz t be 
the submanifold bounded by Ej. Using the fact that the volume of [N[ fl Cn) — (-Wi-i nC^) 
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goes to zero, one can show that the volume of Xi converges to twice the volume of X. We 
may therefore pick an i sufficiently large so that 



Here —1 — 6i is the lower curvature bound for iV/ from condition 3 above. Define c := 
\/l + Ei and let cX io denote the space X io homothetically expanded by the factor c. The 
scaled space cX io has curvature bounded below by —1. 
Now apply theorem |7. II to cX io . This yields the inequality 



It remains only to prove the Gromov norm of DX io is twice that of DC n (rel its boundary). 
Starting with DC # we can cut along a finite collection of embedded essential spheres, fill 
in the new boundary with balls, throwing away /-bundle components, and then double 
the resulting manifold along its toroidal boundary to obtain a manifold homeomorphic to 
DX io . Cutting along essential spheres or S 1 bundles does not alter the Gromov norm, 
and the Gromov norm adds when gluing two manifolds along essential boundary tori |U 
Ch.6].|3*9*j. Therefore the operation from DC n to DX io doubles the Gromov norm. □ 



We would like to extend theorem 17. II to the case of non-compact manifolds with minimal 
surface boundary. Unfortunately, we can only extend this theorem to a particular case. 

Theorem 9.1. Let N be a compact manifold with interior (N,g), a hyperbolic 3-manifold 
of finite volume. Let E be an embedded incompressible (iri-injective) surface in N. Then 



Proof. We may proceed as in the proof of theorem 18 .21 and produce a sequence of manifolds 
(Zi,gi) homeomorphic to D(N) with R(gi) > —6, and such that D(E) is a minimal surface 
in Zi. Then Vol(Zi\\D(E)) > ||D(JV\\E)|| by theorem O and Vol(^) -> 2Vol(iV), so 
that the theorem follows. □ 

10. Lower bound on minimal volume orientable hyperbolic 3-manifold 

The following theorem was proven in previous unpublished work of Agol and Dunfield 
via a direct smoothing argument, improving on the main result of j2j- Now we may apply 
proposition 14.21 to reprove this. 

Theorem 10.1 (Agol-Dunfield) . Let M be a hyperbolic 3-manifold with metric v. Let 
7 C M be a geodesic link in M of length I with an embedded open tubular neighborhood C 
of radius R, and with complete hyperbolic metric r on M 7 = M — 7. Then 



2Vol(C JV )>(l+^ ) 3 / 2 Vol(X i0 ). 



(1 + e H) ) 3/2 Vol(X 40 ) = Vol(cX 40 ) > - V 3 \\DXi, 



9. NONCOMPACT CASE 



Vol(N,g)>^V 3 \\D(N\\E)\\. 
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Proof. We follow the method of [2] . We have a tubular neighborhood C about 7 of radius 
R. The mean curvature of DC is k = -(cothi? + tanhi?) = coth2i? > 1. Remove C, 
and insert a horocusp with curvature scaled so that the mean curvature on the boundary 
matches that of dC. Then we obtain a C° metric on M 7 satisfying equation |21 Since 
a horotorus has mean curvature 1, we rescale the hyperbolic metric on the horocusp to 
have sectional curvature — k 2 , by scaling lengths in the standard hyperbolic metric by a 
factor of k -1 , which makes the horotori have mean curvature k. The tube C has volume 
7rZ sinh 2 R, and the area of dC = nl sinh 2R. The horocusp in the standard hyperbolic 
metric has volume | the area of its boundary horotorus, so a horocusp with boundary of 
mean curvature k will have volume ^- times the area of its boundary Thus, the volume 
of the horocusp will be nl S1 ^ 2R = ^nl sinh.2Rta.iah.2R. We must rescale by n in order that 
the minimal scalar curvature is —6, obtaining a complete C° metric h on M 7 satisfying the 
hypotheses of proposition 14.21 Then we have 

Vo\(M 7 ,h) = k 3 (vol(M,v) - nl sinh 2 R+Kl sinh2Rt&nh2R^J 

= k 3 (vol(M, v) + nl sinh 2 R ( 2 C ° sh - - lX) = k 3 (Vol(M,u) + -HanhEtanh 2.R) 
\ \ cosh 2R ) ) V 2 / 

To simplify things, we have slightly lied in the argument in the previous paragraph, 
since Perelman's monotonicity result only applies to closed manifolds. To remedy this, we 
perform high Dehn filling on M 7 , by removing C, and inserting a tubular neighborhood of 
a geodesic in H 3 with the boundary slope along a sequence of meridians ctj, i — » 00. As 
the length of the meridian a, goes to 00, the inserted tube will converge in the Gromov- 
Hausdorff limit to the horotorus described in the previous paragraph, and we obtain the 
same estimate by taking a limit of estimates obtained using these Dehn filled metrics 
(alternatively, one may use the doubling trick of theorem 18. 2 j) . □ 



The following result improves on proposition 5.4 of 

Corollary 10.2. The minimal volume orientable hyperbolic 3-manifold M has Vol(M) > 
0.67. 

Proof. This follows as in the proof of proposition 5.4 j33j . using theorem 111). II to replace 
theorem 5.2 33^, and the fact that a minimal volume orientable hyperbolic 3-manifold 
has a tube of radius \ In 3 , as well as that the minimal volume one cusped orientable 
hyperbolic 3-manifold has volume > 2V 3 = 2.02988... 0. □ 

Remark: Theorem 110.11 allows us to assail the problem of finding the minimal volume 
hyperbolic 3-manifold on various fronts, by either classifying cusped orientable hyperbolic 
3-manifolds with volume < 2.852 (for example, by extending the arguments of Cao and 
Meyerhoff jUJ), or by classifying closed 3-manifolds with a minimal length geodesic with 
tube radius < 0.7. 

11. Universal manifold pairings 

The paper [13 defines the notion of a universal (n + l)-manifold pairing. This consists 
of linear combinations of (n + 1) manifolds with marked boundary, together with a pairing 
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on these manifolds which have the same n-dimensional marked boundary which takes 
values in formal linear combinations of closed n + 1-manifolds. A unitary TQFT may 
be thought of as a "representation" of such a pairing, assigning a Hermitian vector space 
to each closed n-manifold, and number to each closed (n + l)-manifold, and satisfying 
some extra axioms [3J- Conjecture 2.2 of ^3] states that the (2+l)-dimensional universal 
3-dimensional pairing faithfully detects linear combinations of 3-manifolds (there are no 
hermitian isotropic vectors). We provide some partial evidence for this conjecture in a 
special case. 

Let S be a closed oriented surface, and let M.^. denote the formal combinations of 
compact oriented 3-manifolds M with dM = £ and coefficients in C. Define the pairing 
(, ) : x -> M by (£\ a t Mi, £\ bjNj) = £<j a^M; U s N 3 (where M = M®, and 

Nj denotes Nj with the reversed orientation). The following conjecture generalizes in a 
natural way conjecture 2.2 of [13] . 

Conjecture 11.1. If there exists Xi,...,x m G .Me such that Ylii{ x ii x i) = G M, then 

We provide some evidence for this conjecture in a special case. 

Corollary 11.2. Suppose that each xi,...,x m G M.^ is a formal linear combination of 
compact, acylindrical 3-manifolds, such that J2i( x ii x i) = G M. Let X{ = ^^j.XijMj, 
and suppose that ^\ \Ii\ 2 is minimal. Then for j, k G U, \\Mj Ue M k \\ = \\Mj Ue Mj\\. 

Proof. Let gj denote the hyperbolic metric on Mj with totally geodesic boundary. Denote 
the manifold = Mj Ue j, k G /j. Let C be a least area representative of 
S C Mjk in the canonical hyperbolic metric on M^. Then ||M 3 -jfe|| > + ||M^||) 

by theorem 17.11 Since Ylii j\ x ij\ 2 ^n ^ 0> i n or der for J2i( x i> x i) = 0> we mus t have 
M aa = M bc , for some b ^ c, 6, c G Ij, where ||M oa || is minimal over ||Mfj||, j G Ujij. Thus, 
HMwII = ll A/ 4c|| > |(||M 66 || + ||M CC ||) > 1 1 Moo 1 1 (the second inequality follows from the 
assumed minimality of ||M aa ||), and thus ||M ao || = ||M b6 || = ||M CC || = ||M fec ||. Since we 
have equality, we must have S fec is totally geodesic in M bc by Thm. 17.11 and thus g b and g c 
induce the same metric up to isotopy on E. Take the maximal sub partition J = { J 1; J n } 
of I = ...,I m } such that for all i,j G Ji, ||My|| = ||M aa ||. This partition is a subset of 
the partition by the isotopy class of the metric on E = dMj induced by gj, and therefore 
it is easy to see that UJi includes all j such that HM^H = ||M oa ||. Then for i not in UJ, 
i 7^ j, ||My|| > ||M ao ||, and thus all the cancellation among the terms of Yli( x ii x i) with 
M aa must occur among the terms of the partition J. Associated to J/, there is a vector y h 
where y x = ^2 jeJl x ijMj, where J\ C U Then YliiVhVi) = 0> and J2i \ J i\ 2 < J2i l^l 2 - B Y 
the minimality hypothesis of /, we have J — I, and the result follows. □ 

This reduces this special case of conjecture 2.2 of ^3] to a geometric question about 
how many distinct ways a hyperbolic manifold may be obtained by doubling a manifold 
with geodesic boundary. It seems promising that this question may yield to geometric 
techniques. 
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12. Conclusion 

The results in this paper give rise to many interesting questions. A natural question is 
whether one may prove the main result without using Ricci flow. 

Conjecture 12.1. If a finite volume hyperbolic 3-manifold with minimal surface boundary 
is locally minimal among such manifolds, then the boundary is totally geodesic. 

If this conjecture were true, then one should be able to reprove theorem l7.1l bv deforming 
a hyperbolic manifold with minimal surface boundary to have geodesic boundary, while 
decreasing volume. 

Another possible approach would be to try to use the methods of the natural map 0- 
If (M,g) is a Riemannian metric, let h(M,g) denote the volume entropy of g. 

Conjecture 12.2. If (M,g) is a closed Riemannian 3-manifold with R(g) > —6, then 
h(M,g) < h(U 3 ). 

This would enable one to reprove the main theorem using the techniques of the natural 
map. 

One nagging point we were unable to resolve is to prove the main theorem in the case 
that the manifold is non-compact. 

Conjecture 12.3. Let (M, g) be a complete finite volume 3-manifold with minimal surface 
boundary and scalar curvature R(g) > —6. Then Vol(M, g) > |||Z?M||, with equality iff 
M has geodesic boundary. 

This conjecture might be useful in an attempt to prove conjecture 2.2 of by extending 
the arguments of corollary 111.21 
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Appendix A. Volume change under drilling: theory vs. experiment 

by Nathan M. Dunfield 

Let M be a closed hyperbolic 3-manifold, and let 7 be a simple geodesic in M. Consider 
the complement M 7 — M\j. This appendix focuses on the following question: how are the 
volumes of M and M 7 related? In general, Thurston showed that Vol(M) < Vol(M 7 ), so 
the goal here is to control the increase in volume when we drill out 7. To be able to do this, 
we need more information about the geometry of M, so assume in addition we know the 
length L of 7, and the radius R of a maximal embedded open tube about 7. ( Equivalent ly, 
R is half the minimal distance between two distinct lifts of 7 to the universal cover of M.) 
To simplify the notation, set Van = Vol(M) and Vdm = Vol(M 7 ). The volume estimates I 
will discuss involve the term: 

B = V w + txL sinh 2 (i2) sech(2 J R). 

In j2], Agol showed that 

Vdrm < C B where C = ( coth(i2) coth(2i2)) 3/2 . 
Using Perelman's work, Agol and I improved this to 
(5) Vdrm < C P B where C P = coth 3 (2#). 

See Theorem 110. II in the body of this paper for a proof. The following plot shows the ratio 
Co/Cp of the multiplicative factors as a function of R: 

2.5 

Co 2 
C P 

1.5 
1 

0.5 1 1.5 2 2.5 3 
Tube radius R 

As you can see, the new estimate is markedly better than the old one for small R, but the 
two estimates are asymtopically the same for large R. 

The purpose of this appendix is to compare the new drilling estimate with data from more 
than 25,000 pairs (M, 7). In all cases, the data satisfies (JSJ. Moreover, the estimate in © 
is fairly good for R > 1. Since (0) rests on Perelman's announced proof of geometrization 
|3*2~] , these results can be viewed as an experimental check on the correctness of his proof. 
There are two obvious caveats here: only a finite number of manifolds were examined, and 
only part of Perelman's work is needed (namely Theorem 13.11 in the body of this paper). 
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There is a more subtle issue as well: it is entirely possible that for these examples, when one 
applies the proof of Theorem 13. II the Ricci flow never goes through any surgeries. That is, 
these examples could well avoid one of the least-understood parts of Perelman's approach. 

After briefly discussing the sample manifolds, I will give various graphical comparisons 
between (J5J) and the data. I will then turn to an alternate way of explaining the data, 
namely hyperbolic Dehn surgery. This approach more closely models the data than (jSj), 
but does not provide universal bounds as (0) does. 

A.l. The sample. The sample consists of 25,709 pairs (M, 7), where the manifolds M 
were drawn from the Hodgson- Weeks census 02] • The geometry of selected geodesies were 
computed using Oliver Goodman's program Tube, which is distributed with his program 
Snap [16J. The output of the program Tube is not completely rigorous, but should be 
essentially correct for nearly all of the examples. Most of the geodesies are not too long 
[L < 2.5), and have large tube radii (R > 0.4). Concentrating on large tube radii was 
forced because Tube had difficulty with the longer geodesies. However, as you will see, 
the estimate (0) is really poor even for modestly small R, so this omission is of no real 
importance. While most of the geodesies are fairly short, to concentrate on the regime 
where the two estimates differ noticeably, I did require the geodesies to have length L > 0.3. 
In more than 24,000 of the cases, the manifold M 7 has a triangulation with < 7 tetrahedra. 
Partially as a result of having such simple complements, I expect that, in nearly all cases, 
one can do hyperbolic Dehn filling from the drilled manifold to the closed one. 

A. 2. Experimental results. Let (M, 7) be as usual. As per (jSJ) set Vest = CpB. Then 
we have 

Vfill < Vdrill < V es t- 

To understand how good a bound V^t is, we consider the overshoot error V est — Vd r m as a 
proportion of the actual increase in volume V^m — Vm- That is, in Figured] we plot 

/g\ Vest — Vdrill 

Vdrill — VfiH 

against the tube radius R. (One could just compare the error with V^m, but that provides 
less information when the tube radius is large, in which case Vdrm is only a tad higher than 
Van.) Note that the vertical scale is quite large — for the small R, the error quantity © 
is more than 15. Thus for small R, the estimate is quite poor. This is not so surprising 
- it makes intuitive sense that the metric constructed in the proof of (jSJ) is far (in any 
reasonable sense) from the hyperbolic metric on M 7 when R is small. Thus one must 
expect a larger drop in the normalized volume Vr(M 7 ) during the Ricci flow with surgery, 
making the gap in Theorem 13.11 larger. Now, let's look at closeups for larger R, where the 
estimate is markedly better; these are shown in Figure E] It's also worth comparing Agol's 
original estimate compared to the Perelman enhanced one; this is done in Figure H3 
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Figure 1. This plot shows the amount that (jSJ overshoots the actual 
volume Vdriii, compared via (JBJ). Three data points are omitted; in each 
case R < 0.15 and the vertical coordinate is > 40. 




Figure 2. The data just for larger tube radii R. The horizontal axis 
remains R, and the vertical axis the quantity (JHJ). 




Figure 3. The top band is the estimate using the factor Co, compared 
to the improved version using Cp (bottom band). As before, the horizontal 
axis remains the tube radius R, and the vertical axis the quantity 
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1 r. 




0.6 0.8 1.0 1.2 
Tube radius R 

Figure 4. Here, the vertical axis for the data is B/Vd r m- For © to hold, 
the data points must lie above l/Cp(R) which is the upper curve. The light 
lower curve is 1/Cq{R)- 




0.95 



0.6 0. 




1.0 1.2 1.4 1.0 1.2 

Figure 5. Closeups of the data in Figure EJ 



Another way to compare the data with the estimate is this. Both of the bounds have 
the same form V^m < C(R)B. It is natural to ask: experimentally, what is the optimal 
form of the function C(R) in such an estimate? Equivalently, we seek the function that 
just barely satisfies: 



< 



B 



C(R) Vdriu 

Figures EHS1 show the left-hand side of the above, plotted against 1/Cp and l/Co- 
One intriguing thing here is that B/Vdm is always < 1. In other words, 

Van + ttL sinh 2 (#) sech(2i?) < V dm . 



This is not predicted by Theorem ll0.ll and I don't see any reason why it should hold true 
in general. However, I also know of no counterexamples. 
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A. 3. Hyperbolic Dehn surgery and volume change. If the hyperbolic metric on M 
can be deformed to the hyperbolic metric on M 7 through a series of cone manifolds with 
cone locus 7, we say that M is obtained from M 7 by hyperbolic Dehn filling. In this case, 
Schlafli's formula gives that 

(7) AV = V dm - V m = I L{9) d9, 

* Jo 

where L(9) is the length of 7 in the metric with cone angle 9. 

If we consider different hyperbolic Dehn fillings on a fixed cusp manifold, Neumann 
and Zagier (HHj showed that AV ~ nL/2 as the length L of the core geodesic goes to 0. 
For a particular Dehn filling, Bridgeman [H] observed that as long as L(9) is an increasing 
function of 9, then (J2J) implies that the volume increase is bounded by twice the asymptotic 
estimate: 

(8) AV < ttL 

While it appears that Bridgeman's inequality does not hold in general Sec. 3], Hogson 
and Kerckhoff showed it does hold when L < 0.16, provided also that the tube radius 
R > 0.66 |2TJ Sec. 6]. In the same paper, Hogson and Kerckhoff gave a very precise version 
of the asymptotics of AV ~ nL/2 with similar hypotheses. Given these results, it makes 
sense to plot AV/(ttL) as a function of L: 

1 1 — 1 1 1 1 1 1 1 




0.5 1 1.5 2 2.5 3 
Length L of 7 

As you can see, the result is the simplest picture we have seen yet — the distribution 
of AV/ (ttL) is nearly independent of L, with some broadening as we increase L. The 
histogram attached to the right side of the plot gives the distribution of AV j (7rL), which is 
a bell-curve shape with mean 0.5034 (essentially the 1/2 expected!) and standard deviation 
a = 0.022. Indeed, the distribution is very nearly the same as the normal distribution with 
mean 0.502 and a = 0.017; the main difference is the top tail is a little thicker than the 
normal distribution. In all cases, Bridgeman's inequality (jHJ) holds. 

While the picture coming from hyperbolic Dehn filling provides the most accurate fit 
for our data, I should emphasize that it is not known whether one can always obtain M 
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from M 1 via hyperbolic Dehn filling. Even when this is known, one can only estimate AV 
if one makes additional assumptions about the behavior of L{9). The estimate (0) has 
the advantage that it applies without any additional hypotheses, which is important in 
applications such as bounding the volume of the smallest closed hyperbolic 3-manifold. 
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